Laser based positron represents a new particle source with short pulse duration and high charge density. Positron production based on laser wakefield electron acceleration (LWFA) has been investigated theoretically in this paper. Analytical expressions for positron spectra and yield have been obtained through a combination of LWFA and cascade shower theories. The maximum positron yield and corresponding converter thickness have been optimized as a function of driven laser power. Under the optimal condition, high energy (>100 MeV) positron yield up to 5 × 10 11 can be produced by high power femtosecond lasers at ELI-NP. The percentage of positrons shows that a quasineutral electron-positron jet can be generated by setting the converter thickness greater than 5 radiation lengths.
I. INTRODUCTION
Since the chirped pulse amplification technique was proposed [1] , there has been a large increase in the number of short-pulse, high-intensity laser facilities in the world. With these high intensity lasers, high-charge-density relativistic positron beams can be obtained from laser-plasma interactions [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . These beams provide a new pathway to produce antiparticles, have potential as injectors in electron-positron colliders for high energy particle physics study, or generate relativistic pair-plasmas in the laboratory for astrophysics research [13, 14] .
In recent years, there have been many theoretical and experimental studies on laser positron generation [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [15] [16] [17] [18] [19] [20] . Experimentally, positron beams can be generated from two different configurations. Irradiating high Z solid targets with high-peak-power, high-energy lasers is a direct way to generate positrons. Using this method, experiments were carried out by Chen's group on petawatt, picosecond laser facilities at Lawrence Livermore National Laboratory, University of Rochester and Osaka University [4] [5] [6] [7] [8] . Owing to the target rear surface sheath field, the positrons behave as a quasi-monoenergetic beam with peak energy several MeV to tens of MeV and 10 11 -10 12 yield per shot. Higher energy positrons can be obtained based on laser wakefield electron acceleration (LWFA). Sarri et al. [9] [10] [11] adopted low energy (∼1-10 J) femtosecond lasers interacting with underdense plasma to accelerate electrons to several hundreds of MeV. The positrons are produced when the accelerated electrons pass through a secondary high Z converter. The positron spectrum presents a continuous distribution, and the highest energy can also reach several hundreds of MeV. The positron yield is about 10 8 per shot. Essentially, positrons were generated from high energy particles propagating in matter. Although there are two main processes to create positrons: the "trident process" and the "Bethe-Heitler (BH) process." The trident process is normally ignored when relativistic particles pass a thick target, because the cross section of the BH process is much larger than that of the trident process [21] . Laser-induced, high-energy electrons propagation in high Z targets to generate positrons with the BH process is similar to cascade showers in cosmography. Combing laser plasma interaction with shower theory can help us to understand laser positron production and design optimal experimental conditions. Within this framework, Myatt et al. studied positron generation from kilojoule-class, high-intensity lasers irradiating solid targets [16] . According to their research, a positron (mean energy about 1 MeV) yield of 5 × 10 11 can be reached with a 2.5 kJ laser energy on OMEGA EP, and energetic conversion of laser to positrons is about 10 −5 . Under this condition, the electrons from laser solid target interaction obey a Maxwellian distribution with an effective temperature of several MeV to several tens of MeV. But in LWFA, the electron beams show different properties: quasimonoenergetic structure with peak energies of several hundreds of MeV to several GeV, low emittance, and low energy spread [22] [23] [24] [25] [26] . Due to those large differences, the optimal condition cannot be extended to LWFA-based positron production directly.
In this study, we have performed a theoretical optimization for LWFA-based positron generation. We discuss some characteristics of the positron beams generated in LWFA configuration, and include spectrum, total yield under different laser power, optimal conditions for maximum yield, and concentration in positron-electron mixed beams. Analytic approximate expressions of positron spectrum and yield were deduced form cascade shower frame, can be used to predict characteristics of positron and avoid inconvenient Monte Carlo simulations or numerical calculations.
The paper is organized as follows: In Sec. II, we present the beam property of high energy electron emission from LWFA and the basic theory of pair production with cascade shower. In Sec. III, the results are presented and discussed, and the optimal positron yield under different laser conditions is deduced. In Sec. IV, the conclusions are given.
II. ELECTRONS EMITTED FORM LWFA AND POSITRONS PRODUCTION IN CONVERTER
When an ultraintense and ultrashort laser pulse interacts with an underdense plasma, the ponderomotive force of the focused laser pulse will create a longitudinal plasma wave that propagates in the wake of the laser pulse with a phase velocity close to the speed of light in vacuum [27, 28] . This plasma wave can provide a large accelerating electric field of several hundred gigavolts per meter [29] [30] [31] . Electrons trapped in the wakefield should reside within the focusing and accelerating phase of the wave and can obtain energy from the plasma wave field. Laser-driven plasma accelerators operate in several regimes depending on the intensity of the driving laser pulse, the density of the plasma, and the duration of the laser pulse relative to the plasma period. Nowadays, the "Bubble" regime is predominant in the LWFA research area because it can lead to a quality electron beam with high peak energy, low energy spread, low divergence, and short duration. In most LWFA experiments, laser intensity was usually chosen to a 0 ≈ 1-3 to make accelerating process continuously and stably. According to the 3D nonlinear theory proposed by W. Lu [32] [33] [34] , a matched condition of laser plasma interaction can be designed beginning from k p w 0 ¼ 2 ffiffiffiffiffi a 0 p , where k p is wave number of plasma and w 0 is laser focal spot size. Under this optimum condition, the energy gain ΔE and total electron number N can be predicted by a scaling law:
where P is the laser power, P c ¼ 17ω 2 0 =ω 2 p ½GW is the critical power for relativistic self-focusing [35] , λ 0 is the laser wavelength. High quality, high energy electron beams predicted in theory were already represented in many experiments. In typical LWFA experiments, femtosecond laser pulses with an energy of several joules and peak intensity of 10 18 − 10 19 W=cm 2 interact with a large-scale plasma provided by a few-mm-long gas jet or a few-cm-long capillary and gas cell with the plasma density in the range of 10 18 -10 19 cm −3 . High quality electron beams can be reproduced steadily with peak energies from several hundreds of MeV to several GeV, 1% level energy spread, and 1π mm mrad transverse emittance [22] [23] [24] [25] [26] . High energy positrons can be generated through the propagation of these electron beams in a solid converter. For high-energy electrons, there is only a little difference in the electromagnetic process cross sections within a small energy spread range. We can treat a high quality electron beam accelerated by laser wakefield within the "Bubble" regime as a highly collimated monoenergetic beam.
The production of positrons by high energy electrons passing through a high-Z converter can be regarded as a cascade shower problem, which has been researched for many years [36] [37] [38] in cosmic ray studies. When high energy electrons pass through matter, large numbers of secondary electrons and photons are generated by collision and radiation. The secondary photons further materialize into pairs by the BH process, which increases the number of secondary electrons and positrons. As the process goes on, more and more electrons lose their energy and give rise to pairs. In practice, electrons are incident almost normal to the target surface and their energies are much higher than the electron rest energy. According to the cross section of electrons and photons [39] [40] [41] , the angles of emission or scattering of secondary electrons and photons are very small for high energy particles. We can therefore treat the shower as a longitudinal development along the direction of the incident particles and neglect the path increase due to angular spread. Then, the influence of shower development on the target thickness and material was determined. In order to remove the material dependence from the shower problem, the radiation length, RL, was used as the length unit in general, which corresponds to the average transition length needed for a high energy electron to decrease its energy to 1=e by radiation. In our calculations, a modified radiation length expression was used to correct the effect of atomic electrons and Born's approximation [42] .
Here, a is the electron fine structure constant, r e is the classical radius of the electron, N A is Avogadro's number, and Z and A are, respectively, the charge and mass number of the material. For lead which were used in several experiments, the radiation length RL ¼ 6.52 g=cm 2 , and corresponding thickness is 5.75 mm.
Considering the cross sections of each processes in high energy conditions [39] [40] [41] , we can ignore the Compton scattering of photons and accede collision by the continuous slowing-down approximation (CSDA). The distribution functions of electrons f e− ðE; tÞ, positrons f eþ ðE; tÞ, and photons f p ðE; tÞ are continually changing with increasing transmission length t in the target. In each step, the change of particle number can be expressed as follows (one can find more detail in Refs. [11, 12, [36] [37] [38] 42] 
In each formula, the first term describes the decrease of particle number and the other term accounts for the increase. μ rad ðEÞ is the total probability per radiation length that a particle with energy of E will radiate a photon. μ pair ðEÞ is the total pair production probability per radiation length by a photon with energy E. ϕ rad ðE 0 ; EÞ is the probability per radiation length that a particle with energy E 0 generates a new photon with energy E. ϕ pair ðE 0 ; EÞ is the probability per radiation length that a photon with energy E 0 product a new particle with energy of E. The expressions of these cross sections can be found in many publications [43] [44] [45] .
For particle energies higher than the critical energy ε [42] (an electron with energy ε that loses all its energy by collision in one radiation length. As reference, the critical energy ε ≈ 7 MeV for lead), we can treat the CSDA energy loss εðEÞ as a constant equal to the critical energy ε.
We can use asymptotic formulas for complete screening to describe the probabilities of these effects in the high energy situation. A set of equations can be obtained as follows:
υ is the energy fraction of the new particles, φ rad ðυÞ and φ pair ðυÞ are approximate expressions of the electron radiation and pair production, respectively. Adopting some mathematical techniques [36, 38, 43] , we can find analytic approximate solutions of the distribution functions. Here, we only concern electron incidence as initial condition. An expression of positrons distribution function f eþ ðE 0 ; E; tÞ can be written as 
E 0 is the energy of the incident electron. Explanation of the terms not listed here, such as λ 1 , λ 2 , AðsÞ, BðsÞ, CðsÞ, CðsÞ, u 1 ðs; ε=EÞ, and ρ 1 ðs; ε=EÞ can be found in Ref. [38] and [42] . k is a correction constant that performs well by setting k ¼ 1=2. One should notice that the approximate solutions are limited by the complete screening and CSDA approximations, which are valid for 2ε < E ≪ E 0 [38] .
III. ANALYSIS OF THE POSITRON GENERATION CALCULATIONS
A. Characteristics of positron differential spectrum From Eq. (10), we can calculate an approximate solution of the positron differential spectrum for the incident electron energy of E 0 at a certain transmission length t. The spectrum can be also obtained by numerical evaluation of Eqs. (7)- (9) . To access the reliability of the two methods, we also examine the result by the Monte Carlo simulations of 500 MeV electrons propagated in lead by Geant4. As shown in Fig. 1 , the three spectra are consistent in the low energy range (the spectra were normalized to the number of incident electrons). As the energy increasing, the approximate solution gives higher positron numbers. The percentage of the high-energy positrons is very small, which is less than 5%, and does not obstruct us researching the problem using the approximate solutions. As indicated in Ref. [43] , if the transmission length is not too small, the structure of the differential spectra is approximately satisfied by power functions, and almost does not change as the transmission length.
B. Characteristics of positron yield
The number of positrons with energy between E 0 to E, can be obtained both by Eq. (11) and numerical method.
Both the methods give similar results for positron yield when a high-energy electron propagates in solid matter. We find that the variation of positron number is mainly related to E 0 =E. Although the incident electron energy E 0 is different, the same E 0 =E delivers a similar variation of the positron yield. From Eq. (11), we can also see the righthand side of the equation mainly concerned with E 0 =E. As shown in Fig. 2 , if the transmission length is not too small, the approximate solution can provide a practicable result. The maximum positron yield in energy range [E 0 ; E] and its corresponding converter thickness can be also obtained from the curve. Compared with the Geant4 simulations, both methods give higher results. In our opinion, these deviations between methods can be attributed to two reasons. First, we use the completed screen approximation for cross section calculation; second, the angular dispersion was ignored in the particle propagation.
C. Dependence of positron yields and optimal thickness on LWFA conditions Figure 3 (a) shows the electron energy and yield obtained from scaling Eq. (1) and Eq. (2) as functions of laser power. In the calculation, we choose the laser intensity a 0 ¼ 3, and the optimal condition of LWFA can be obtained from W. Lu's theory. Then, we can predict the maximum positron yield which can be obtained for a given laser power and corresponding optimal converter thickness, as shown in Fig. 3(b) . In practice, people always attend to the positron yield beyond a certain energy E, here we consider positron energy E ≥ 100 MeV. High energy positron yield is almost linearly increased with the driven laser power. Nowadays, PW ultrashort lasers have been demonstrated in several laboratories, such as PULSER at APRI [46] or Texas Petawatt Laser [47] . Using these powerful lasers, the electron beam from LFWA can be accelerated to 10 GeV, and electron number will be beyond 10 10 . Positron yield will also be beyond 10 10 for an optimal converter thickness near 4 RL. With the practical possibility of high-intensity short-pulse lasers with laser power reach to 10PW in the near future (e.g., the "ELI-NP" facility which is under construction [48] ), high energy positron yield can extend to 5 × 10 11 , about 500 times higher than present results. Under this condition, high density electron-positron pair plasma with particle density reach to 10 18 cm −3 maybe created in laboratory [12] .
Experimentally, LWFA results maybe deviate from the theoretical optimal conditions. The high energy electron beams present wide range continuous spectra, which cannot be treated as monoenergetic beams in positrons production. However, we can divide an electron beam with continuous spectrum into several segments and predict characteristics of positrons by our theoretical approximate solution. As shown in Fig. 4(a) , we divide the electron beam in Sarri's experiment [12] into 20 segments. Each segment is regarded as a monoenergetic electron sub-beam whose energy adopts the average energy in same energy range and same total electron number. Positron spectra and total yield can be both obtained by summing the results of monoenergetic segments, calculated by Eq. (10) theory [blue dash line in Fig. 4(d) ] shows the same trend of experimental result but much higher in quantity. If we add a correctional factor of about 0.6 which adopted 0.75 in Sarri's numerical calculation [12] , the theory and experiment are matched well.
D. Quasineutral electron-positron jets
The generation of high density and high energy electronpositron beams is a basic problem in astrophysics, which is similar to jets of long gamma-ray bursts. In our study, a quasineutral electron-positron beam can be reached by an ultrashort laser. In cosmic ray theory, the total number of electrons and positrons N eAE ðE 0 ; E; tÞ can be obtained by Eq. (2.100) in Ref. [37] . Comparing the expression with the positron yield Eq. (11), we find the first term of Eq. (11) equals to N eAE ðE 0 ; E; tÞ=2, as shown in Fig. 5 . The second term is a correction to the positron yield, which goes to zero as the transmission length increasing. This means that the electrons and positrons will always tend to be equal as the beams propagate through the target material. We write η as the ratio of the second term and the first term of Eq. (11) .
The percentage of positron in mixed beams can be written as 1þη 2 . Figure 5 shows that the fractions are always close to 50% if the transmission length is beyond 5 RL, even though the E 0 =E are different. Therefore, if the transmission length is large enough, a quasineutral electron-positron beam can be obtained in a LWFA-based scheme. This condition of the neutral jet generation was consistent with previous experiments by Sarri et al. [9] [10] [11] [12] .
IV. CONCLUSION
Positron generation based on laser wakefield electron acceleration was investigated. The energy and number of electrons produced by LWFA was determined by the scaling laws of W. Lu's theory. The positron production considered as monoenergetic electron beams propagating in a high Z converter. According to the cascade shower theories, the analytic expressions of positron spectrum and yield were obtained, which were checked by Monte Carlo simulations and numerical calculations.
If the transmission length is large enough, the positrons always present a continuous spectrum and can be approximated satisfactorily by power functions. For a given electron beam with energy E 0 , the positron yield beyond a certain energy E is dependent mainly on E 0 =E. The maximum positron yield and corresponding converter thickness have been optimized as a function of driven laser power in LWFA. Under our optimal condition, a high energy positron yield up to 5 × 10 11 can be produced on ELI-NP. Even if the electron beam represents continuous spectra in LWFA experiments, we can treat it as a series of monoenergetic sub-beams, and also predicted the positron generation exactly.
The percentages of positrons were calculated from approximate solutions. The percentage displays always tend to 50% as the transmission length increases. A quasineutral electron-positron jet can be easily obtained when the transmission length is beyond 5 RL.
To estimate positron spectra and yield, we limit all the particles in the shower to linear propagation and use the full screen approximation for cross section calculations. Mount Carlo simulations show that those assumptions make the results slightly higher but still reliable.
